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The nature of symmetry-protected topological phases of Heisenberg spin chains in totally sym-
metric representations of rank N of the SU(N) group is investigated through a Majorana fermion
study starting from an integrable point. The latter approach generalizes the one pioneered by Tsve-
lik [A. M. Tsvelik, Phys. Rev. B 42, 10 499 (1990)] to describe the low-energy properties of the
Haldane phase of the spin-1 Heisenberg chain from three massive Majorana fermions. We find for all
N the emergence of a non-degenerate gapped phase with edge states whose topological protection
depends on the parity of N . While for N odd there is no such protection, the phase with even N is
shown to be topologically protected. We find that the phase belongs to the same topological class as
the phase with edge states living in self-conjugate fully antisymmetric representation of the SU(N)
group.
I. INTRODUCTION
Majorana fermions, fermions that are their own anti-
particles, have become one of the most important funda-
mental excitations of condensed matter physics over the
years. A paradigmatic example is the one-dimensional
(1D) Ising model in a transverse field which admits an
exact description in terms of non-interacting Majorana
degrees of freedom.1 These fermions have a non-local
character in terms of the underlying spins since they can
be viewed as the bound states of a local spin flip and a
domain-wall topological defect. This Majorana approach
gives a full description of the properties of the Ising quan-
tum critical point that defines the simplest conformal
field theory (CFT) with central charge c = 1/2.1,2 These
fermions experience only fermion number parity conser-
vation, a Z2 symmetry. Yet, several copies of such de-
grees of freedom allow the investigation of more compli-
cated situations with a continuous symmetry. One strik-
ing example is the study of the confinement of fractional
quantum numbers that occur in weakly-coupled two-leg
spin-1/2 Heisenberg ladder. The low-energy excitations
of this system can be mapped onto non-interacting four
massive Majorana fermions.1,3
The second interest in Majorana fermions lies at the
heart of exotic physic. It stems from the formation of
zero-energy Majorana modes that are localized around
specific points with topological features such as domain
walls, vortices, or boundaries. The onset of non-Fermi
liquid behaviour in the two-channel Kondo problem,
where a spin-1/2 impurity spin is located on a metal with
two degenerate channel degrees of freedom, has been de-
scribed within the Toulouse-limit solution of the model
as due to the presence of a localized Majorana fermion.4
The electronic channels overscreen the impurity spin and
a zero-energy Majorana mode located at the impurity is
decoupled from the conduction degrees of freedom, giving
rise to a finite ground-state entropy ln
√
2. These Majo-
rana zero modes, which are not particles and not even
fermions, have intriguing quantum properties with non-
Abelian anyon statistics, ground-state degeneracy and
robustness. In this respect they have promising appli-
cations to topological quantum information processing.5
The simplest 1D model with Majorana zero modes is
the Kitaev chain which is a 1D lattice version of a spinless
p-wave superconductor.6 The model has a topologically
protected gapful phase that hosts an unpaired Majorana
zero mode at the two ends of the chain. The Kitaev chain
with time-reversal symmetry belongs to the BDI class of
the ten-fold classification of non-interacting topological
insulators and superconductors.7 This BDI class is char-
acterized by a Z-valued topological invariant. The Z-
valued topological invariant can be incremented by stack-
ing an additional Kitaev chain to the system. This non-
interacting Z classification of BDI class is reduced to Z8
in presence of interactions.8–10 A topological phase with
eight Majorana zero modes at the two ends of the chain
is adiabatically connected by interactions to a gapful fea-
tureless phase without closing the bulk gap.
Majorana fermions and Majorana zero modes may
represent an avenue to describe 1D bosonic interacting
symmetry-protected topological (SPT) phases. The lat-
ter denomination refers to 1D non-degenerate gapped
phases of spins or bosons whose edges states are pro-
tected by a given symmetry. These phases with on-site
protecting symmetry group G are known to be classi-
fied by the second cohomology group H2(G,U(1)) which
labels the inequivalent projective representations of the
symmetry at the edge, i.e., the nature of the boundary
spin.9,11,12 The Haldane phase13 of the spin-1 Heisenberg
chain is a paradigmatic example of a 1D interacting SPT
phase with its Haldane gap and the existence of spin-
1/2 edge states that can be simply understood from the
Affleck-Kennedy-Lieb-Tasaki (AKLT) approach.14 Here
in the presence of an internal rotation G= SO(3) symme-
2try, there is a H2(SO(3), U(1)) = Z2 classification. The
Haldane phase is thus the only SO(3) SPT phase with
its edge states that transform projectively in the spino-
rial representation of the SO(3) group, i.e., the spin-1/2
representation of SU(2).15
Several approaches captures the main physical prop-
erties of the Haldane phase. Indeed, the phase can be
described by staking four copies of the Kitaev chain.16,17
An O(4) symmetry emerges by construction from which
an SO(3) subgroup acts projectively on the boundary.
A second more conventional approach was pioneered by
Tsvelik in Ref. 18. This approach describes the Hal-
dane phase starting from an integrable spin-1 model, the
Babujian-Takhtajan (BT) model,19 whose critical prop-
erties are governed by three decoupled gapless Majorana
fermions. A deviation from this integrable point leads to
the formation of a gap. For a semi-infinite chain, three
Majorana zero modes emerge at the edge.20 These modes
generate the spinorial representation of SO(3) and thus
lead to the spin-1/2 edge states of the Haldane phase.20 A
third alternative approach is the well-known semiclassical
description of the Haldane phase by the O(3) non-linear
sigma model with a θ = 2π theta term.13 The precise
value of this topological angle leads to the liberation of
spin-1/2 edge states when the chain is opened.21
In this paper, we investigate the possible Majorana
fermion description of 1D SPT phases protected by a
higher continuous symmetry group G. A known example
is when G = SO(2n+ 1). Then H2(SO(2n + 1), U(1)) =
Z2 revealing the SPT phase that generalizes the Hal-
dane phase for n > 1.22 Its physical properties can
be described by 2n + 1 massive non-interacting Majo-
rana fermions by exploiting the existence of an integrable
model with SO(2n+ 1) symmetry.23,24 In a semi-infinite
geometry, 2n + 1 Majorana zero modes are located at
the boundary and give a ground-state degeneracy of 2n
which is the dimension of the spinorial, i.e., projective,
representation of the SO(2n + 1) group.23,24 The main
properties of the SO(2n+ 1) SPT phase are then repro-
duced by means of this Majorana fermion approach.
What happens if we consider richer 1D SPT phases
when the on-site protection symmetry G is the pro-
jective unitary group PSU(N) ≃ SU(N)/ZN ? Since
H2(PSU(N),U(1)) = ZN , N − 1 interesting SPT phases
are expected that are protected by the PSU(N) group or
its discrete subgroup ZN ×ZN .25–27 Microscopic realiza-
tions of these phases appear in the SU(N) antiferromag-
netic Heisenberg spin chain
H = J
∑
i
N2−1∑
A=1
SAi S
A
i+1, (1)
where the spin operators SAi on each site i of the chain
belong to a given irreducible representation of the SU(N)
group which is described by a Young tableau with nY
boxes.
There is now a rather good understanding of the phys-
ical properties of model (1). Some of them and related
topics are reviewed in Ref. 28. The generalization of the
Haldane conjecture for SU(N) is described by three dif-
ferent cases depending on the value of nY with respect to
N .29–31 When nY and N are coprime, both a semiclas-
sical approach of model (1) in Refs. 30–32 and a CFT
analysis33,34 have shown that a quantum critical behav-
ior in the SU(N)1 universality class with central charge
c = N − 1 emerges. In contrast, when nY and N have
a non-trivial common divisor different from N , a spec-
tral gap is formed. The one-step translation symmetry
Ta0 of model (1) is spontaneously broken resulting in a
ground-state degeneracy.31,34 The last case, the most in-
teresting for us, is when nY = 0 mod N and a ”Haldane
gap” phase is expected.29 For these representations, the
continuous symmetry group of model (1) is the projec-
tive unitary group PSU(N) and the N − 1 different SPT
phases might be found in the lattice model (1). Their
edge states are labeled by the inequivalent projective
representations of PSU(N), which are specified by ZN
quantum numbers ntop = nY edge mod N , nY edge being
the number of boxes of the Young tableau corresponding
to the representation of the boundary spins.
Several SPT phases have already been identified in
the PSU(N) Heisenberg chain (1). The topological class
with N even and ntop = N/2 appears when the spins
on each site belong to the representation with Young
tableau:35–37
N/2

 . (2)
The edge state belongs to the self-conjugate fully anti-
symmetric representation of the SU(N) group such that
nY edge = N/2. ForN = 3 andN = 4, the remaining SPT
phases are the chiral SPT phases (N, N¯), (N¯,N). For
instance, (N, N¯) denotes a non-degenerate fully gapped
phase such that the left (respectively right) edge state
transforms in the fundamental representationN (respec-
tively anti-fundamental N¯) of the SU(N) group. These
two chiral SPT phases are the two ground states of the
model (1) in the adjoint representation.38–42 All these
PSU(3) and PSU(4) SPT phases have been realized in
lattice systems of ultracold fermions loaded into optical
lattices or in spin-ladder systems.35,36,40,43–45
In this paper, we consider the general PSU(N) case
by focusing on the symmetric rank-N tensor representa-
tions, described by a Young tableau with N boxes and
a single line: .. . Since nY = N , the emergent
phase is a good candidate for being a SPT phase. When
topological, the phase constitutes the natural generaliza-
tion of the Haldane phase for N > 2 within the PSU(N)
series as SO(3) ≃ SU(2)/Z2 ≃ PSU(2). In the following,
we develop an approach for generic N to describe the
possible SPT phase in terms of N2 − 1 massive Majo-
rana fermions and their associated zero-Majorana modes
for a semi-infinite chain. An even-odd effect is found.
The ground state of model (1) in the symmetric rank-
N = 2n representation is shown to describe a stable SPT
3phase with topological index ntop = n which shares the
same topological class as the SPT phase of the PSU(2n)
Heisenberg chain in the representation (2). When N is
odd, there is no such protection and the phase can be adi-
abatically connected to a trivial gapful featureless phase
without closing the bulk gap.
The remainder of this paper is organized as follows. In
Sec. II, we present our low-energy approach to describe
the properties of model (1) in the symmetric rank-N rep-
resentation starting from an integrable spin model. In
Sec. III, we exploit a conformal embedding onto N2 − 1
gapless Majorana fermions. This embedding leads to the
emergence of a PSU(N) SPT phase whose boundary spin
is described in terms of N2−1 zero Majorana modes. Fi-
nally, Sec. IV summarizes our findings and the Appendix
presents the AKLT construction of the model for N = 4.
II. LOW-ENERGY APPROACH
In this section, we present our strategy to develop a
field-theory analysis for describing the fully gapped phase
of the PSU(N) Heisenberg spin chain (1) for symmetric
rank-N tensor representation.
A. Integrable SU(N) spin model
The starting point of the analysis is the existence of an
integrable SU(N) model with degrees of freedom in sym-
metric rank-k tensor representation, introduced by An-
drei and Johannesson (AJ).46,47 The AJ model involves
a specific polynomial P (x) of degree k in terms of the
bilinear term SAi S
A
i+1:
HAJ = J
∑
i
N2−1∑
A=1
P (SAi S
A
i+1). (3)
The explicit expression of the polynomial is not impor-
tant for this work and can be found in Ref. 47. Model (3)
is the SU(N) generalization of Bethe-ansatz integrable
spin-S = k/2 Heisenberg chain models which display a
gapless behavior described by the SU(2)2S CFT.
48,49 For
N = 2 and k = 2, the AJ model reduces to the BT spin-1
model with Hamiltonian:19
HBT = J
∑
i
[
Si · Si+1 + β(Si · Si+1)2
]
, (4)
with β = −1 and Si is a spin-1 operator at site i.
The main bulk properties of the Haldane phase of the
spin-1 Heisenberg chain have been derived by Tsvelik in
Ref. 18 by introducing a small deviation β = −1+ δ(0 <
δ ≪ 1) from the SU(2)2 critical point of the BT model
(4). Starting from this critical point with central charge
c = 3/2, which can be described in terms of three mass-
less Majorana fermions, it was shown that the low-energy
properties of the Heisenberg spin-1 chain could be cap-
tured by a triplet of non-interacting massive Majorana
fermions. Later, the hallmark of the Haldane phase, i.e
its spin-1/2 edge state, has been derived within this field
theory analysis.20
Our aim here is to present the generalization of the
Tsvelik’s approach to describe the possible formation of
an SPT phase in the Heisenberg spin-chain model (1)
for the specific symmetric rank-N tensor representation
starting from the integrable AJ spin model. It has been
shown numerically that the AJ model displays a quantum
critical behavior in the SU(N)k universality class with
central charge c = k(N2− 1)/(N + k).50,51 In the special
k = N case, c = (N2 − 1)/2 which is the central charge
of N2 − 1 gapless Majorana fermions. The low-energy
properties of the AJ model for k = N are described
by the SU(N)N Wess-Zumino-Novikov-Witten (WZNW)
model1,2 perturbed by a marginal irrelevant current-
current interaction with Hamiltonian density:52,53
HAJ = πv
N
(
: JARJ
A
R : + : J
A
L J
A
L :
)
+ γ JARJ
A
L , (5)
where v is the spin velocity, : O : denotes the normal
ordering of operator O, and a summation over repeated
SU(N) indices A = 1, . . . , N2 − 1 is assumed in the fol-
lowing. In Eq. (5) JAR,L are the chiral currents which
satisfy the SU(N)N current algebra:
JAL (z)J
B
L (ω) ∼
NδAB
8π2 (z − ω)2 +
ifABC
2π (z − ω)J
C
L (ω) ,(6)
with a similar definition for the right current. In Eq. (6),
fABC denotes the antisymmetric structure constants of
the SU(N) group and z = vτ + ix (τ being the imaginary
time). The marginal irrelevant term with γ < 0 of Eq.
(5) accounts for logarithmic corrections of the SU(N)N
quantum criticality.52,54 The critical point with γ = 0 is
described by the SU(N)N WZNW model with Euclidean
action:55,56
SWZNW = N
8π
∫
M2
d2x Tr (∂µG
†∂µG)
+
iN
12π
∫
M3
d3y ǫαβγTr (G†∂αGG
†∂βGG
†∂γG), (7)
G being an SU(N) matrix field, the WZNW field, and
M3 is a 3-dimensional manifold whose boundary is the
2-dimension Euclidean space: ∂M3 = M2. The critical
point of the AJ model is expected to be fragile on general
grounds due to its fine-tuning.52 A fully gapped PSU(N)
SPT phase might emerge in the close vicinity of the inte-
grable AJ point in close parallel to the N = k = 2 case.
A perturbed SU(N)N CFT would then explain the for-
mation of the spectral gap and the low-energy properties.
Our next task is to identify the suitable relevant per-
turbation which accounts for the emergence of a non-
degenerate fully gapped phase for model (1) where the
spin operators belong to symmetric rank-N tensor rep-
resentation of SU(N).
4B. Departure from the SU(N)N WZNW fixed point
The allowed strongly relevant operators which control
the departure from the SU(N)N quantum critical point
should be invariant under the symmetries of the under-
lying lattice model (1). The most important lattice sym-
metry is the one-step translation invariance Ta0 which
corresponds to an ZN symmetry in the continuum limit.
This correspondence stems from the underlying U(N)
fermionic Hubbard model of model (1) or (3) which is
at 1/N filling with Fermi momentum kF = π/Na0, a0
being the lattice spacing.52,53 The WZNW primary field
G of Eq. (7), transforming in the fundamental represen-
tation of SU(N), takes the following form under Ta0 :
52,53
G→ ωG, (8)
with ω = e2iπ/N . The spectrum of the SU(N)N CFT
is described by primary operators which transform in a
limited set of representations of the SU(N) group. The
highest-weights Λ = (λ1λ2 . . . λN−1) of these representa-
tions must satisfy the constraint:
∑N−1
i=1 λi ≤ N , λi being
the Dynkin labels. Introducing li =
∑N−1
j=i λj as a Young
tableau row lengths, we see that the Young tableau can-
not have more than N columns. The scaling dimensions
of the primary fields are related to the quadratic Casimir
of the underlying representation of SU(N):56–58
∆Λ =
X + nY (N + 1)− n2Y /N
2N
, (9)
with nY =
∑N−1
i=1 li =
∑N−1
i=1 iλi which is the number of
boxes in the Young tableau and X =
∑N−1
i=1 li(li − 2i).
The possible allowed primary fields, obtained from fu-
sion of the fundamental field G, should be invariant un-
der Ta0 . From Eq. (8), we observe that they transform
under representations of SU(N) which are described by
a Young tableau such that nY is a multiple of N . For
instance, all primary fields which transform according
to totally antisymmetric representations of SU(N), ΛlN
(l = 1, . . . , N − 1), cannot appear in the continuum de-
scription of the Heisenberg spin chain model (1) since
they acquire a phase factor e2ilπ/N under Ta0 . The most
relevant operator, which is translational invariant, turns
out to be the primary field in the adjoint representation
with highest weight: (1 0 . . . 0 1). The latter can be
expressed in terms of the SU(N)N WZNW field G:
56
ΦABadj ∼ Tr(G†TAGTB), (10)
TA being the SU(N) generators transforming in N, nor-
malized such that Tr(TATB) = δAB/2. According to Eq.
(9), the scaling dimension of the adjoint primary SU(N)N
field is ∆adj = 1 for all N ≥ 2. For N = 3, the sub-
leading translation-invariant primary fields are marginal
(∆Λ = 2). They transform in the 10 and 10 representa-
tions with Young tableaux:
10←→ ,
10←→ .
In the SU(4) case, there is a subleading relevant primary
field with scaling dimension 3/2 which transforms in the
self-conjugate 20 representation of SU(4) with:
20←→ .
The remaining allowed operators are marginal or irrel-
evant. Our numerical analysis for N ≥ 4 shows that
only the adjoint operator and one other primary field Φ
′
are both strongly relevant and translation invariant. The
latter transforms in the self-conjugate representation of
SU(N) with the Young tableau of N boxes:
N − 2

 . (11)
The primary field Φ
′
has scaling dimension ∆
′
= 2(N −
1)/N < 2 and is indeed a relevant contribution but less
relevant than the adjoint field. Such operator is in fact
generated by the fusion of the adjoint field by itself:
Φadj × Φadj ∼ I +Φadj +Φ
′
+ .., (12)
where the dots describe terms that are marginal or irrel-
evant operators.
The leading Hamiltonian density which describes the
departure from the AJ model reads thus as follows de-
pending on N :
HN=2,3 =πv
N
(
: JARJ
A
R : + : J
A
L J
A
L :
)
+ g TrΦadj,
(13a)
HN≥4 =πv
N
(
: JARJ
A
R : + : J
A
L J
A
L :
)
+ g TrΦadj + λ TrΦ
′
,
(13b)
where we have neglected marginal and irrelevant pertur-
bations. The SU(N)k CFT perturbed by the adjoint
primary field has been investigated and a massless flow
to SU(N)1 is expected when N and k have no common
divisor.33 In Eqs. (13) we have k = N and it is then
likely, as it will be shown below, that a spectral gap
is formed. We thus expect that the physical properties
of the PSU(N) Heisenberg spin chain (1) in symmetric
rank-N tensor representation of SU(N) are captured by
the low-energy theory (13).
C. WZWN model and sigma model on a flag
manifold
We now switch to a Lagrangian description to study
the infrared properties of the perturbed CFT (13) and to
make connection to the semiclassical field theory derived
recently for SU(N) Heisenberg chain (1) in totally sym-
metric representations.30,32,59 In this respect, we consider
5the following action first introduced in Ref. 60:
S = SWZNW +
[N/2]∑
n=1
∫
M2
d2x gnTr [G
n] Tr
[(
G†
)n]
,(14)
where n = 1 and n = 2 potential terms correspond to the
two relevant operators of Eq. (13) for N > 3 since Eq.
(10) imposes:
TrΦadj = TrGTrG
† − Tr(G†G)/N ∼ TrGTrG†, (15)
G being an SU(N) matrix in the Lagrangian approach,
while Φ
′
appears in the fusion G2 ⊗ (G†)2.
Let us first discuss the global symmetries of the ac-
tion (14). A first continuous symmetry of model (14) is
PSU(N) = SU(N)/ ZN which acts as G → V GV †, V
being an SU(N) matrix. The center group of SU(N),
V → ωV , has no effect on the action on G so that
PSU(N) is the correct continuous symmetry group of Eq.
(14). On top of this global symmetry, action (14) is also
invariant under the ZN symmetry (8) which corresponds
to the one-step translation symmetry Ta0 as well as un-
der the Z2 charge conjugation G→ G∗.
In the strong-coupling regime gn → +∞, the potentiel
term of Eq. (14) selects a SU(N) matrix G such that
Tr [Gn] = 0 with n = 1, . . . , [N/2]. As shown in Ref. 60,
the latter condition can be extended to n = 1, . . . , N −1.
The eigenvalues of the G matrix are thus proportional
to the N -th roots of unity and the fundamental WZNW
SU(N) G field can be written as:
G = UΩU †
Ω = ω−(N−1)/2


ωN−1 0 · · · 0
0 ωN−2 · · · 0
... · · · ω 0
0 · · · 0 1

 , (16)
U being a general U(N) matrix. We then introduce
N2 complex scalar fields Φij (i, j = 1, . . . , N) such that
Uij = Φij = (~Φj)i. These fields are constraint to be or-
thonormal complex vectors: ~Φ∗i · ~Φj = δij to enforce the
U(N) property: U †U = I. The identification (16) reads
thus as follows in terms of the scalar fields:
Gij =
∑
a
Φ∗jaΩaaΦia. (17)
A U(1)N redundancy in the description (17) is manifest
since the transformation ~Φa → eiθa~Φa gives the same Gij
for all θa (a = 1, . . . , N). Distinct scalar fields take thus
value in U(N)/U(1)N ∼ SU(N)/U(1)N−1, i.e., the flag
manifold.59–61
The original global symmetries of action (14) have a
direct interpretation on the complex fields ~Φi thanks to
the identification (17). The PSU(N) symmetry acts as
Φij →
∑
k VikΦkj , V being an SU(N) matrix. The one-
step translation symmetry Ta0 becomes: ~Φi → ~Φi+1 with
~ΦN+1 = ~Φ1, while ~Φi → ~Φ∗N−i+1 corresponds to the Z2
charge conjugation.
The next step of the approach is to replace the iden-
tification (17) in the action (7) to derive the low-energy
effective field theory for the complex fields ~Φi. The action
then takes the form of a non-linear sigma model on the
flag manifold SU(N)/U(1)N−1 with topological θ terms
with a Lagrangian density:60,61
L = N
4π
N∑
a=1
(
|∂µ~Φa|2 − |~Φ∗a · ∂µ~Φa|2
)
+
N∑
a=1
θa
2π
ǫµν∂µ~Φ
∗
a · ∂ν~Φa (18)
+
∑
1≤a<b≤N
(gabδ
µν + babǫ
µν)
(
~Φ∗a · ∂µ~Φb
)(
~Φ∗b · ∂ν~Φa
)
,
with θa = 2πa (a = 1, . . . , N), gab = N cos(2π(a −
b)/N)/2π and bab = N sin(2π(a − b)/N)/2π. Model
(18) contains N topological angles θa with topological
charges:
qa =
i
2π
∫
d2xǫµν∂µ~Φ
∗
a · ∂ν~Φa (19)
which are integers. However, the topological charges
are not all independent due to the orthormalization con-
straint: ~Φ∗i · ~Φj = δij and satisfy:
∑N
a=1 qa = 0 since it
can be shown
∑N
a=1
~Φ∗a · ∂µ~Φa = 0.30,61 It implies that
model (18) is left invariant by shifting all topological an-
gles by a same amount: θa → θa + θ for all a. There
are thus N − 1 independent topological angles θa = 2πa
(a = 1, . . . , N − 1) in model (18) in full agreement with
the value of the second homotopy group for the flag man-
ifold: Π2 (SU(N)/U(1)
N−1) = ZN−1.
It has been shown recently that flag sigma model (18)
with topological angles θa = 2πpa/N control the in-
frared properties of SU(N) Heisenberg spin chain (1)
in symmetric rank-p tensor representation in the large
p limit.30,32 A gapless phase in the SU(N)1 universal-
ity class has been predicted for model (18) when p and
N are coprime while a spectral gap is formed in other
situations.31,60,61 We thus expect that the perturbed
CFT (14) is a massive field theory in the far-infrared
regime since p = N here.
III. MAPPING ONTO MAJORANA FERMIONS
The deviation from the AJ integrable PSU(N) spin
model described by the Hamiltonian (13) corresponds to
a fully gapped phase as seen from its relationship to the
flag sigma model (18) with N−1 independent topological
angles θa = 2πa (a = 1, . . . , N − 1). In this section, we
investigate directly the main physical properties of model
(13) by exploiting a mapping onto Majorana fermions
where we show explicitly its massive behavior.
6A. Conformal-embedding approach
The infrared properties of model (13) strongly depends
on the sign of the coupling constant g. When g < 0 , the
minimisation of the potentiel term gTrΦadj in Eq. (13)
gives G = e2ikπ/N I = ωkI (k = 1, . . . , N) to maximise
TrG (see Eq. (15)). The one-step translation ZN sym-
metry (8) is thus spontaneously broken which signals the
formation of a gapped phase with a N -fold degeneracy.
When g > 0, the nature of the ground state of model
(13) is not as straightforward. We show below that an
SPT phase can show up in model (13) with g > 0.
To this end, we exploit a conformal embedding which
enables us to simplify model (13). The SU(N) group is
known to be a subgroup of Spin(N2 − 1), the fundamen-
tal covering of the SO(N2−1) group. The central charge
of the SU(N)N CFT is c = (N
2 − 1)/2 which is that
of the SO(N2 − 1)1 CFT.2 This conformal embedding
has been known from a long time62 and has been fruit-
ful for instance to investigate some 1D strange metals.63
The SO(N2 − 1)1 CFT spectrum admits several confor-
mal towers defined by the integrable representations of its
affine algebra: the identity, vector and spinor represen-
tations. If N is odd, N2− 1 is even and there are two in-
equivalent spinor representations of dimension 2(N
2−3)/2:
the spinor and its conjugate representation. In contrast,
when N is even, N2−1 is odd and there is a single spinor
representation of dimension 2(N
2−2)/2. The primary field
transforming in the vector representation has hv = 1/2
as conformal weight. In spinorial representations, this
conformal weight is hs = (N
2 − 1)/16.
The character decomposition of such conformal embed-
ding for the Neveu-Schwartz sector of the SO(N2 − 1)1
CFT is given by:63
χ
SO(N2−1)1
1 = χ
SU(N)N
(0...0) + χ
SU(N)N
(20...10) + χ
SU(N)N
(01...02) + . . .
χSO(N
2−1)1
v = χ
SU(N)N
(10...01) + χ
SU(N)N
(110...011) + . . . , (20)
where χ
SO(N2−1)1
1,v are respectively the SO(N
2−1)1 char-
acter in the identity and vectorial representation of the
SO(N2 − 1) group. In Eq. (20) χSU(N)N(10...01) are SU(N)N
character in the SU(N) representation labelled by their
highest weights, here (10 . . . 01) for instance (the adjoint
representation). The SU(N) representations with highest
weights Λ = (λ1λ2 . . . λN−1) appearing in the decompo-
sition (20) satisfy the N -ality condition:63
N−1∑
i=1
iλi = 0 mod N, (21)
which means that the number of boxes nY of the Young
tableau of the SU(N) representation is a multiple of N .
Physically, it signals that the SU(N)N fields that occur
in the character decomposition (20) should be invariant
under the one-step translation symmetry (8). In partic-
ular, the fields involved in the perturbed CFT (13, 14)
expressed only in terms of operators in the identity and
vector conformal towers of SO(N2 − 1)1 CFT.
The SU(N)N adjoint primary field has scaling dimen-
sion ∆adj = 1. It corresponds to the SO(N
2 − 1)1 pri-
mary field in the vectorial representation according to
Eq. (20). In this respect, we introduce N2 − 1 left-right
moving Majorana fermions ξAR,L normalized such that:
ξAL (z)ξ
B
L (0) ∼
δAB
2πz
(22)
A,B = 1, . . . , N2 − 1 with a similar definition for the
right-moving Majorana fermions. The adjoint SU(N)N
primary field (10) has a simple free-field representation
in terms of these fermions:
ΦABadj ∼ −iξARξBL . (23)
Model (13) can then be refermionized:
H = − iv
2
N2−1∑
A=1
(
ξAR∂xξ
A
R − ξAL ∂xξAL
)− im
N2−1∑
A=1
ξARξ
A
L ,
(24)
where we have neglected subleading marginal four-
fermion contributions.
Model (24) describes decoupled N2 − 1 Majorana
fermions with mass m ∼ g. For all sign of g, the field
theory is thus massive. For m > 0, a non-degenerate
fully gapped phase emerges. This Majorana mapping
constitutes the generalization of the Majorana approach
of Ref. 18 to investigate the Haldane phase of the spin-1
Heisenberg chain starting from the SU(2)2 critical point
of the BT model.19
B. Edge states and SPT phases
We now investigate the possible stabilization of a
PSU(N) SPT phase when m > 0 by studying its edge
excitations. To this end, model (24) is considered in a
semi-infinite line with open-boundary condition on x = 0:
H =
1
2
∫ ∞
0
dx
N2−1∑
A=1
ΨA (x)
T
(−ivσ3∂x +mσ2)ΨA (x) ,
(25)
where σi are the usual Pauli matrices and
ΨA (x) =
(
ξAR (x)
ξAL (x)
)
. (26)
In our convention, the Majorana fermions are subject to
the following boundary condition on x = 0:
ξAR (0) = ξ
A
L (0) , (27)
for all A = 1, . . . , N2 − 1. The Hamiltonian (25) is
exactly-solvable being quadratic in terms of the fermions
7and the resulting eigenvectors read as follows:20
(
ξAR (x)
ξAL (x)
)
=
1√
2L
∑
k>0
[
ξAk
(
cos (kx+ θk) + i sin (kx)
cos (kx+ θk)− i sin (kx)
)
+ H.c.] +
√
m
v
(
1
1
)
e−mx/v θ (m) ηA, (28)
where ξAk is a fermion annihilation operator with wave-
number k = πn/L, L being the large size of the line and
θ is the Heaviside step function. In Eq. (28), θk is given
by
cos θk =
vk
ǫk
sin θk =
m
ǫk
, (29)
ǫk =
√
v2k2 +m2 being the energy dispersion. The last
term of Eq. (28) is a zero-energy eigenvector of the
Hamiltonian (25) and thus solution of the equations:
{
v∂xξ
A
R +mξ
A
L = 0,
v∂xξ
A
L +mξ
A
R = 0.
(30)
According to the boundary condition (27), this sys-
tem gives a normalized solution if only if m > 0:
ξAR(x) = ξ
A
L (x) =
√
m/v e−mx/vηA, with the normaliza-
tion {ηA, ηB} = δAB. It signals the existence of N2 − 1
exponentially Majorana localized states inside the gap
(midgap states) for a positive mass m.
When m > 0, N2 − 1 Majorana zero-modes ηA thus
emerge at the boundary of a semi-infinite chain and these
edge-states might give rise to some interesting 1D SPT
phase. In the N = 2 case, these three local Majorana
modes form the generators ΓAB = iηAηB in the spino-
rial representation of the rotation group SO(3). They
describe the spin-1/2 edge excitation of the Haldane
phase.20 For general N , not all these Majorana SPT
phases, found in a continuum description, are actually
protected by interactions. In particular, as recalled in the
introduction, it has been shown in Refs. 8–10 that time-
reversal 1D Majorana topological phases are character-
ized by a Z8 classification in presence of interactions. It
means that time-reversal gapful phases with k boundary
Majorana modes modulo eight turns are equivalent.9,10
When N is odd, we have N2 − 1 = 0 mod 8 and the
topological phases, described by Eq. (24) with m > 0,
are thus not stable with interactions and adiabatically
connected to a featureless non-degenerate gapful phase
by adding four-fermion interactions. In contrast, model
(24) with even N have an odd number of robust Ma-
jorana zero-modes and should describe a PSU(N) SPT
phase.
TheN2−1Majorana zero-modes ηA also fix the projec-
tive representation of the SU(N) group at the edge. This
representation transcribes the physics of the PSU(N)
Heisenberg antiferromagnetic chain (1) in the symmet-
ric rank-N tensor representation. In this respect, let us
introduce the following operator:
SA = − i
2
fABCηBηC . (31)
It is straightforward to show that the operator (31) satis-
fies the SU(N) algebra: [SA,SB] = ifABCSC . The value
of the corresponding quadratic Casimir operator suffice
here to identify the SU(N) irreducible representation of
SA. A direct calculation gives
N2−1∑
A=1
SASA = N(N
2 − 1)
8
, (32)
where we have used the following identities for the struc-
ture constants of the SU(N) group:
fABCfADE =
2
N
(
δBDδCE − δBEδCD)
+ dABDdACE − dABEdACD,
dABCdABC =
(N2 − 1)(N2 − 4)
N
(33)
dABC being the symmetric structure constants of the
SU(N) group. ForN = 2, Eq. (31) is the three-Majorana
representation of a spin-1/2 operator described in Ref.
64. In the N = 3 case, the operator (31) corresponds to
an SU(3) spin which belongs to the adjoint representa-
tion with quadratic Casimir C2(adj) = 3. For N = 4,
the quadratic Casimir (32) is 15/2 corresponding to the
self-conjugate SU(4) representation 64 such that
64←→ . (34)
For general N , the edge state belongs to the SU(N)
representation with highest-weight (1 . . . 1) of dimension
2N(N−1)/2. The corresponding Young tableau has a num-
ber of boxes
nY edge =
N−1∑
i=1
iλi =
N−1∑
i=1
i =
N(N − 1)
2
, (35)
and a quadratic Casimir given by Eq. (32).
Now we can make contact with the cohomology clas-
sification of the PSU(N) ∼ SU(N)/ZN SPT phases.25
As recalled in the introduction, there are N − 1 topo-
logically distinct SPT phases. The inequivalent projec-
tive representations of PSU(N) are labelled by a Young
tableau where the number of boxes nY edge is defined
modulo N . The low-energy Majorana approach (24) to
PSU(N) Heisenberg spin chain (1) in symmetric rank-
N tensor representation predicts a non-degenerate fully
gapped phase with edge states characterized by nY edge =
N(N − 1)/2. When N is odd, nY edge = 0 mod N so that
the phase is not a SPT phase. This observation agrees
with our previous discussion related to the Z8 classifica-
tion of interacting time-reversal phases of Majorana SPT
8phases. It also agrees for N = 3 with the recent numer-
ical investigation of the Heisenberg model (1) in the 3-
box symmetric representation.65 A non-degenerate phase
with a very small gap ∆ ≃ 0, 04J has been reported while
a critical behavior was more likely in previous numerical
studies.29,66 The edge states were also found to belong
to the adjoint representation of SU(3) as expected from
the underlying AKLT construction.67–69 The Majorana
field theory approach for N = 3 thus reproduces this nu-
merical and AKLT results. Since nY edge = 3, these edge
states are not protected. The underlying phase is not an
SPT phase in close parallel to the spin-2 Haldane phase
which is not topologically protected.15 In contrast, when
N is even, the low-energy Majorana approach (24) leads
to SPT phases with topologically protected edge state
which belong to the class: ntop = N/2 mod N as seen
from Eq. (35). The resulting PSU(N) SPT phase be-
longs thus to the same topological class as the SPT phase
of the Heisenberg spin chain where the spin transforms
in the self-conjugate representation (2). The latter SPT
phase has edge states transforming in the self-conjugate
antisymmetric representation:35–37
N/2

 .
In the simplest N = 4 case, the Appendix provides the
AKLT model for the Heisenberg spin chain (1) in the 4-
box fully symmetric representation inspired by the AKLT
construction of Ref. 69. The edge states of the AKLT
SPT phase are shown to belong to the SU(4) represen-
tation with the Young tableau (34) with dimension 64
like in the Majorana fermion approach. For general N ,
the same construction also exists for spins in the N -box
symmetric representation with edge states belonging to
the SU(N) representation with highest-weight (1,1,...1).
The phase of the model obtained is also expected to be
topological only in the N even case like in the Majorana
approach.
The non-linear sigma model (18) on the flag manifold
SU(N)/U(1)N−1 with topological terms θa = 2πa (a =
1, . . . , N − 1) in an open geometry should also reveal the
nature of the edge state of the underlying SPT phase.
In the simplest case N = 2, the sigma model is the CP1
model with a θ = 2π term and it has been shown that
spin-1/2 edge states emerge in an open geometry as it
should be to describe the Haldane phase of the spin-1
Heisenberg chain.21 For general N , we expect that the
sigma model on the flag manifold with θa = 2πa has edge
states whose representation under SU(N) is encoded by
the values of its topological angles. We conjecture that
the length of the ath row of the Young tableau of the
representation of the edge state is la = θN−a/2π = N−a
with a = 1, . . . , N − 1 so that the highest-weight of the
SU(N) representation is Λedge = (1 . . . 1) as found within
the Majorana approach.
IV. CONCLUDING REMARKS
In this work, we have presented a Majorana-fermion
approach to investigate the possible formation of a
PSU(N) SPT phase as the ground state of the Heisenberg
spin chain (1) in the N -box fully symmetric representa-
tion. By exploiting the existence of the AJ integrable
spin model with SU(N)N quantum critical behavior, we
describe the fully gapped phase of model (1) by means of
N2−1 non-interacting massive Majorana fermions. This
approach is the generalization of the one for N = 2, pro-
posed in Ref. 18, which accounts for the Haldane phase
of the spin-1 Heisenberg chain in terms of three massive
Majorana fermions.
Our study enables the determination of the underlying
SPT phase of model (1) through its edge states encoded
in N2 − 1 Majorana zero-modes. When N is odd, we
find that the non-degenerate phase gapful phase is not
topologically protected and thus equivalent to a feature-
less phase. In contrast, the SPT phase with even N is
protected by the PSU(N) symmetry and belongs to the
same topological class as the PSU(2n) SPT phase with
edge state in the self-conjugate fully antisymmetric rep-
resentation. After the spin-1 Haldane phase, the simplest
SPT phase of the Heisenberg spin chain (1) in fully sym-
metric representation is obtained for N = 4. Both the
edge states of this phase and the edge states in the 6
representation of the SU(4) group belong to the same
topological class. A numerical investigation, using simi-
lar tools as in Refs. 65, 70, and 71, is naturally called for
to confirm this prediction, obtained within a low-energy
description.
As a perspective, it will be interesting to further gen-
eralize our CFT approach to investigate the degenerate
gapped phases of model (1) for representations with a
number of box nY = pN . We hope to come back to this
issue elsewhere.
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Appendix A: AKLT construction for the N = 4-box
fully symmetric representation
In this Appendix, we present a AKLT construction of
the Heisenberg spin chain (1) in the 4-box fully sym-
9Ref. 69. This construction confirms the identification of
the edge state found in the Majorana fermion approach.
The construction of Ref. 69 generalizes the construc-
tion of the AKLT chain for N = 2. Let P be the rep-
resentation of the on-site physical SU(N) spin, and V
be a self-conjugate representation of a virtual SU(N)
spin. The construction consists in dividing ℓ physical
spin transforming in P⊗ℓ into two virtual spins from V
(and ℓ − 1 singlets) projected into P⊗ℓ. The resulting
chain is gapped with a unique ground state for periodic
boundary conditions, and with degenerate ground states
for open boundary conditions. In both cases, the bulk of
each state displays the same non-magnetic coupling of ℓ
neighbouring spins into singlets. The degeneracy of the
open-boundary chain comes from the edge states, with
each edge transforming in the representation V .
The construction of Ref. 69 is possible under two con-
ditions. First, the decomposition into irreducible repre-
sentation of the tensorial product of the self-conjugate
V with itself must contain the physical irreducible repre-
sentation P , possibly with multiplicity, i.e. P ∈ V ⊗ V .
Second, two virtual spins must be able to form a singlet.
This condition is always verified when V is self-conjugate.
Therefore, this construction is possible for N = 4 with
P = and V = . (A1)
Indeed, P appears in the decomposition of V ⊗ V :
⊗ = • ⊕ 3× ⊕ 2×
⊕ ⊕
⊕3× ⊕ 3× ⊕ 3×
⊕ ⊕ 4×
⊕2× ⊕ 2×
⊕ ⊕
⊕ ⊕ .
(A2)
Using the Young tableaux’ respective dimensions, the de-
composition reads:
64⊗ 64 =1⊕ 3× 15⊕ 2× 20⊕ 35⊕ 35
⊕ 3× 45⊕ 3× 45⊕ 3× 84⊕ 105
⊕ 4× 175⊕ 2× 256⊕ 2× 256
⊕ 280⊕ 280⊕ 300⊕ 729.
(A3)
The decomposition of V ⊗ V follows the standard rules
of the tensor product.72 The dimension DN of the
SU(N) representation of Young tableau Y with rows
of {l1, l2, . . . , lN−1, lN = 0} boxes (in descending order)
reads as follows:72
DN (Y ) =
∏
1≤i<j≤N (li − lj + j − i)
(N − 1)! (N − 2)! . . . 1! . (A4)
In this case, there exists a parent Hamiltonian coupling
only nearest neighbour (ℓ = 2) whose ground states are
edge states transforming in V . Indeed, the decomposition
of P ⊗ P is:
⊗ =
⊕
⊕
⊕ .
(A5)
Using the dimension, the decomposition reads:
35⊗ 35 = 105⊕ 165⊕ 280⊕ 315⊕ 360. (A6)
The representation 105 and 280 are found in both
Eq. (A2) and Eq. (A5). Thus, the Hamiltonian on two
physical spin in P⊗2 that equally favors the two repre-
sentations 105 and 280 is
h = I − P105 − P280, (A7)
where P105 and P280 are the projectors onto the represen-
tation 105 and 280 respectively. There are two ways to
interpret the 105+280=385 ground states of this 2-sites
Hamiltonian. The first way sees the two physical spins of
35 align such that only the superpositions transforming
in 105⊕ 280 are ground states of the system. The sec-
ond way divides each physical spin into two virtual ones
from 64 projected back into 35. The Hamiltonian (A7)
favors energetically the coupling of two neighbouring vir-
tual spins of different sites into a singlet, leaving free the
two virtual spins on the edge of the system. Because of
the initial projection of the Hilbert space on each site
into 35, the Hilbert space of the two free edge states is
restricted to 105⊕280 only instead of all the representa-
tions in Eq. A2. The AKLT-inspired parent Hamiltonian
of the full open chain reads:
HAKLT =
L−1∑
i=1
τi(h), , (A8)
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with τi the translation operator on site i and L the num-
ber of sites. The 385 ground states of this system can be
interpreted as a chain of 2L virtual spins in 64. Two vir-
tual spins of each neighbouring physical site pair up into a
singlet, such that only two virtual spins are left unpaired,
one on each edge. Because of Hilbert space restrictions,
the two edge spins together transform in 105⊕280 only.
The latter restriction is incompatible with semi-infinite
chain such that 64 states can be expected on the one edge
of this geometry.
The quadratic Casimir is enough to obtain an explicit
expression for P105 and P280 and hence HAKLT. The
quadratic Casimir of a representationR of highest weight
Λ is
C2(R) = 1
2
〈Λ,Λ + 2
∑
i
Λi〉, (A9)
where the Λi are the fundamental weights. When R is
an irreducible representation of SU(N), Λ =
∑N−1
i=1 λiΛi
where the λi are the Dynkin labels of the representation.
In this case,
〈Λi,Λj〉 = min(i, j)− ij
N
. (A10)
For the representation in the decomposition Eq. (A5), we
find:
C2(105) = 16,
C2(165) = 36,
C2(280) = 18,
C2(315) = 279/8,
C2(360) = 22.
We call ST the total spin of the system of the two physical
spins. If Ai are the irreducible representation in Eq. (A5)
of P⊗2 such that P⊗2 = ⊕5i=1Ai, the expressions of the
projectors follow
PAi =
1
C2(Ai)
∏
j 6=i
(
ST
2 − C2(Aj)
)
. (A11)
The parent Hamiltonian (A8) thus involves a polynomial
of degree 8 of the nearest neighbours spin coupling.
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